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Abstrat
This work has shown that at strit fullment of ondition ∆m213 =
∆m212 + ∆m
2
23 the expression for probability of νe → νe transitions
Pνe→νe(t) is positively dened at every values of θ and β while at any
arbitrarily small deviation from this ondition it beomes negative. In order
to make this expression for probability transitions positively dened, it is
neessary to put a limitation on angle mixing β at xed value of θ = 32.45o
(i.e. the value for β must be β ≤ 15o ÷ 17o).
PACS numbers: 14.60.Pq; 14.60.Lm
1 Introdution
The suggestion that in analogy with Ko, K¯o osillations, there ould be
neutrino-antineutrino osillations ( ν → ν¯), was onsidered by Ponteorvo
[1℄ in 1957. It was subsequently onsidered by Maki et al. [2℄ and Ponteorvo
[3℄ that there ould be mixings (and osillations) of neutrinos of dierent
avors (i.e., νe → νµ transitions).
In the general ase there an be two shemes (types) of neutrino
mixings (osillations): mass mixing shemes and harge mixings sheme
(as it takes plae in the vetor dominane model or vetor boson mixings
1
in the standard model of eletroweak interations) [4℄.
In the sheme of harge mixings the osillation parameters are expressed
through weak interation ouple onstants (harges) and neutrino masses
[4℄.
In the both ases the neutrino mixing matrix V an be given [4℄ in the
following onvenient form proposed by Maiani [6℄(θ = θ12, β = θ13, γ =
θ23):
V=


1 0 0
0 cγ sγ
0 −sγ cγ




cβ 0 sβ exp(−iδ)
0 1 0
−sβ exp(iδ) 0 cβ




cθ sθ 0
−sθ cθ 0
0 0 1

, (1)
where
ceµ = cos θ, seµ = sin θ, c
2
eµ + s
2
eµ = 1;
ceτ = cosβ, seτ = sin β, c
2
eτ + s
2
eτ = 1;
cµτ = cos γ, sµτ = sin γ, c
2
µτ + s
2
µτ = 1;
exp(iδ) = cos δ + i sin δ.
Using the above matrix V , we an onnet the wave funtions of
physial neutrino statesΨνe,Ψνµ,Ψντ with the wave funtions of intermediate
neutrino states Ψν1,Ψν2,Ψν3 and write it down in a omponent-wise form
[5℄:
Ψνl =
3∑
k=1
V ∗νlνkΨνk ,
Ψνk =
3∑
k=l
VνkνlΨνl, l = e, µ, τ, k = 1÷ 3, (2)
where Ψνk is a wave funtion of neutrino with momentum p and mass mk.
We suppose that neutrino mixings (osillations) are virtual if neutrinos
have dierent masses (if we suppose that these transitions are real, as
2
it is supposed in the standard theory of neutrino osillations, then it is
neessary to aept that expression (2) is based on a supposition that
masses dierene of νk neutrinos is so small that oherent neutrino states
are formed in the weak interations (omputation has shown that this
ondition is not fullled, i.e. neutrino as wave paket is unstable and
deays)).
Ψνk(t) = e
−iEktΨνk(0). (3)
Then
Ψνl(t) =
3∑
k=1
e−iEktV ∗νlνkΨνk(0). (4)
Using unitarity of matrix V or expression (2) we an rewrite expression
(4) in the following form:
Ψνl(t) =
∑
l′=e,µ,τ
3∑
k=1
Vνl′νke
−iEktV ∗νlνkΨνl′(0), (5)
and introduing symbol bνlνl′(t)
bνlνl′(t) =
3∑
k=1
Vνl′νke
−iEktV ∗νlνk , (6)
we obtain
Ψνl(t) =
∑
l′=e,µ,τ
bνlνl′(t)Ψνl′(0), (7)
where bνlνl′(t)-is the amplitude of transition probability Ψνl → Ψνl′ .
And the orresponding expression for transition probability Ψνl → Ψνl′ is:
Pνlνl′(t) =|
3∑
k=1
Vν′lνke
−iEktV ∗νlνk |
2 . (8)
Using expression (8) in work [6℄ the amplitudes and expression for probability
of three neutrino transitions (osillations) for all interesting ases (i.e.,
for νe → νe, νµ, ντ , νµ → νe, νµ, ντ , ντ → νe, νµ, ντ ). In these works was
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done examination is the expression for probability of νe ↔ νe neutrino
transitions Pνeνe
Pνe→νe(t) = 1− cos
4(β)sin2(2θ)sin2(−t(E1 − E2)/2)−
cos2(θ)sin2(2β)sin2(−t(E1 − E3)/2)− (9)
−sin2(θ)sin2(2β)sin2(−t(E2 − E3)/2).
positive denite values at all values for β, θ, E1, E2, E3 and t? It was shown
that at arbitrary values of the parameters this expression for probability is
not a positive denite value. Then to make this expression for probability
positively dened, it is neessary to put limitation on values of these
parameters.
This work ontinues the study of this question.
2 Examination of positive deniteness of the expression
for probability Pνe→νe(t) transitions
The aim of this work is to examine positive deniteness of the expression for
probability Pνe→νe(t) transitions expr. (9). For this purpose we will fulll
graphial modelling of this funtion. This expression ontains 7 parameters
- θ, β, ∆m212, ∆m
2
23, ∆m
2
13, t, Eνe ≃ pνec. There is one onnetion
between neutrino masses ∆m213 = ∆m
2
12 +∆m
2
23 therefore this expression
ontain only 6 independent parameters. Obtaining the extremums of this
expression in the general ase is a serious problem. Instead of it we deided
to simplify this problem and used the following values for parameters
obtained in the experiments:
sin2(2θνeνµ)
∼= 0.83, θ = 32.45o, ∆m212 = 8.3 · 10
−5eV 2, (10)
in [7℄ and
sin2(2γνµντ )
∼= 1, γ ∼=
pi
4
∆m223 = 2.5 · 10
−3eV 2, (11)
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in [8℄. Value for Eνe is free. We expressed all lengths of osillations through
the length of osillations determined by ν1, ν2 masses. The values of
∆m213 = ∆m
2
12 +∆m
2
23 are 2.583 · 10
−3eV 2, and 2.417 · 10−3eV 2.
Thus in expression (9) there is remained dependene only of two
parameters β and t and then this expression for the rst ase ∆m213 =
2.583 · 10−3eV 2 an be rewritten in the following form:
Pνe→νe(t) = 1− cos
4(β)sin2(2θ)sin2(R/L12)−
−cos2(θ)sin2(2β)sin2(30.120R/L12)− (12)
−sin2(θ)sin2(2β)sin2(31.120R/L12).
where L12 = 1.27
cpνe
∆m2
12
is the length of osillations determined by ν1, ν2
neutrino masses and then lengths of osillations determined by ν1, ν3 and
ν2, ν3 neutrino masses are expressed through L12 osillations length of ν1, ν2
neutrinos (2.510−3/8.310−5 = 30.120 2.58310−3/8.310−5 = 31.120) and R
is a distane from the neutrino soure.
We fullled modelling of this expression for β = 10o, 15o, 20o, 25o,
30o, 35o, 40o, 45o, 50o, 55o for t = 0 ÷ 4pi for the two above mentioned
ases when ∆m213 = 2.583 · 10
−3eV 2, and 2.417 · 10−3eV 2. The hek has
onrmed that for the all above ases the unitarity ondition is fullled
(i.e. Pνe→νe(t) ≥ 0)
Pitures 1, 2, 3, 4 show modelling of probability of Pνe→νe(t) for
β = 15o, 25o, 35o, 45o at ∆m213 = 2.583 · 10
−3eV 2 . From this pitures
it is seen that the unitarity ondition is fullled when we take preision
values (relations) for lengths of osillations (i.e. the ondition ∆m213 =
∆m212+∆m
2
23 is strongly fullled). At an arbitrary small deviation from the
preision values (relations) for lengths of osillations the unitarity ondition
is violated as it is well seen in Figure 5 (β = 45o, 31.120 → 31.320) and
then to full this ondition, it is neessary to apply the limitation on angle
β.
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t1=0:0.5:1440.; t=(pi/180)*t1;                       
y=1 − 0.7150*(sin(t).2) − 0.1778*(sin(30.120*t).2) 
 − 0.0722*(sin(31.120*t).2);                        
plot(t,y);axis([0 12 −1 +1])                         
beta=15 
Figure 1: Pνe→νe(t) at θ = 32.45
o, β = 15o.
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y=1 − 0.5542*(sin(t).2) − 0.4174*(sin(30.120*t).2)  
− 0.1694*(sin(31.120*t).2);                          
plot(t,y);axis([0 12 −1 +1])                          
beta=25 
Figure 2: Pνe→νe(t) at θ = 32.45
o, β = 25o.
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t1=0:0.5:1440.; t=(pi/180)*t1;                       
y=1 − 0.3698*(sin(t).2) − 0.6281*(sin(30.120*t).2) 
 − 0.2549*(sin(31.120*t).2);                        
plot(t,y);axis([0 12 −1 +1])                         
beta=35 
Figure 3: Pνe→νe(t) at θ = 32.45
o, β = 35o.
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t1=0:0.5:720.; t=(pi/180)*t1;                         
y=1 − 0.2053*(sin(t).2) − 0.7113*(sin(30.120*t).2)  
− 0.2887*(sin(31.120*t).2);                          
plot(t,y);axis([0 10 −1 +1])                          
Figure 4: Pνe→νe(t) at θ = 32.45
o, β = 45o.
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beta=45 
Figure 5: Pνe→νe(t) at θ = 32.45
o, β = 45o, (31.120→ 31.320)
In the previous work [9℄ there was graphial modelling of this funtion
(9) by using the following values for [11℄ θ = 32.45o,∆m212 = 8.3 ·
10−5eV 2 and for [12℄ ∆m223 = 2.5 · 10
−3eV 2, for the ases when ∆m213 =
10−5eV 2 (L13/L12 = 0.12), 5.7 · 10
−5eV 2 (L13/L12 = 0.69), 8.3 ·
10−4eV 2 (L13/L12 = 10) (for heking) for dierent values of β =
10o÷ 45o and established that the value for Pνe→νe(t) beome a positively
dened value at β ≤ 15o÷17o (Pνe→νe(t) ≃ 0 at some values of t). Figures
6, 7, 8, 9, 10, 11 show results of modelling for β = 10o, β = 30o for the
above indiated three ases. From these gures we see that at β = 10o the
unitarity ondition is fullled while this ondition is violated at β = 30o.
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t1=0:0.5:1440.; t=(pi/180)*t1;                       
y=1 − 0.7726*(sin(t).2) − 0.0832*(sin(30.120*t).2) 
 − 0.0338*(sin(0.12*t).2);                          
plot(t,y);axis([0 12 −1 +1])                         
beta=10                                              
Figure 6: P (νe → νe)(t) at θ = 32.45
o, β = 10o, (L13/L12 = 0.12).
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y=1 − 0.4620*(sin(t).2) − 0.5335*(sin(30.120*t).2)  
− 0.2165*(sin(0.12*t).2);                            
plot(t,y);axis([0 12 −1 +1])                          
beta=30 
Figure 7: P (νe → νe)(t) at θ = 32.45
o, β = 30o, (L13/L12 = 0.12).
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 − 0.0338*(sin(0.69*t).2);                          
plot(t,y);axis([0 12 −1 +1])                         
beta=10                                              
Figure 8: P (νe → νe)(t) at θ = 32.45
o, β = 10o, (L13/L12 = 0.69).
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plot(t,y);axis([0 12 −1 +1])                          
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Figure 9: P (νe → νe)(t) at θ = 32.45
o, β = 30o, (L13/L12 = 0.69).
10
0 2 4 6 8 10 12
−1
−0.8
−0.6
−0.4
−0.2
0
0.2
0.4
0.6
0.8
1
t1=0:0.5:1440.; t=(pi/180)*t1;                        
y=1 − 0.7726*(sin(t).2) − 0.0832*(sin(30.120*t).2)  
− 0.0338*(sin(10*t).2);                              
plot(t,y);axis([0 12 −1 +1])                          
beta=10                                               
Figure 10: P (νe → νe)(t) at θ = 32.45
o, β = 10o, (L13/L12 = 10).
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− 0.2165*(sin(10*t).2);                              
plot(t,y);axis([0 12 −1 +1])                          
beta=30                                               
Figure 11: P (νe → νe)(t) at θ = 32.45
o, β = 30o, (L13/L12 = 10).
So, we see that at strit fulllment of ondition ∆m213 = ∆m
2
12+∆m
2
23
the expression for probability of νe → νe transitions P (νe → νe)(t) is
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positively dened while at any deviation from this ondition in order to
make this expression for probability positively dened, it is neessary to put
a limitation on angle mixing β (i.e. the value for β must be β ≤ 15o÷17o).
3 Conlusion
The numeral value of sum Sum of oeients in expression (9) onneted
with mixings
Sum = cos4(β)sin2(2θ) + cos2(θ)sin2(2β) + sin2(θ)sin2(2β)
is larger than one (for example for θ = 32.45o, β = 45o, Sum = 1.2053).
In order to do the values of Pνe→νe(t) positively dened, the maxima of
osillation omponents of this expression don't have to oinide. Examination
has shown that for all the onsidered ases this ondition is fullled.
This work has shown that at strit fulllment of ondition ∆m213 =
∆m212 + ∆m
2
23 the expression for probability of νe → νe transitions
Pνe→νe(t) is positively dened at every values of θ and β while at any
arbitrarily small deviation from this ondition it beomes negative and
then in order to make this expression for probability positively dened
it is neessary to put a limitation on angle mixing β at xed value of
θ = 32.45o (i.e. the value for β must be β ≤ 15o ÷ 17o).
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